ON THE PLANE PROBLEM FOR A WEDGE
(0 PLOSKOI ZADACHE DLIA KLINA)
PMN Vol.26, No.3, 1962, pp. 582-587

M.M. FILONENXO-BORODICH
(Moscow)

(Received April 10, 1961)

Some solutions of this problem are known for loading of the wedge on its
sides or at its apex; for example, the cases shown in Fig. 1. However,

each of these

solutions is nonunique because the boundary conditions are
specified only on the boundaries of the wedge,
which are assumed to be infinite. The behavior
of the stresses at infinity is not stipulated

P
p) M beforehand.

Indeed, examine the upper portion of a
wedge (Fig. 2) which is cut off by the segment
AC, i.e. the triangle ABC, and assume that this
section is subjected along AC to an urbitrary
self-equilibrating load, and that the bound-

Fig.

aries BA and BC remain free, This gives rise in
1 the triangle to a state of stress that depends
on the character of the load applied along the

boundary AC. Superpose the state of stress obtained in this manner on
the state that exists in one of the problems indicated above. The bound-

ary conditions are then retained, but the state

of stress varies depending on the loading along y)
the face AC. If the load is assumed to be arbi-
trary, except for the restriction that its re-
sultant moment and load vector be equal to zero,
then we obtain an infinite set of solutions for

a given problem with given boundary conditions

on BA and BC — as was to be proved., Hence it
follows that for the complete solution of the r —,n__.{{j$.4_.dé_.ﬂ
wedge problem it is of interest to solve the }f}*+* f ****‘

problem of a triangle (Fig. 2) which has an

arbitrary self-equilibrating load applied on Fig.

one face AC and has the remaining two faces BA
and BC free.
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1. In the present work the variational method of Castigliano is
applied to the problem indicated. We represent the unknown stress tensor
as the sum of two tensors

X = X° 2"'lmX:!c(m) ) Yy =Yy + SA,Y, ™
Xy = Xyc - ZAme(m) (l)

Here the tensor whose components are denoted by the index 0 is the
basic tensor, which satisfies the differential equations of equilibrium
and the boundary conditions of the problem
(Fig. 2). The second terms in Formulas (1)
comprise the correction tensor. This tensor
likewise satisfies the equations of equi-
librium but leaves the boundaries of the
region ABC free of stress. It is required
that each of the tensors being summed, with
components Xx(”), y. (M x (® satisfy
these two conditions. Then the presence of
the arbitrary constants Am allows one to Fig. 3a.
carry out the variation of the general
tensor (1) that is necessary to form the
variational equation of Castigliano

T
ANEN
8 § W ds — 3 (O 1 - O v) ds ) v
(o) (s)
In the present problem the surface forces x
U

’

X, Y, are given and therefore are not
varied. Thus Kquation (2) simplifies and
leads to the theorem of minimum elastic

energy

V=5 S Wds =0 (3)
() Fig. 3b.

As a result of substituting Expression (1) into the function W and
carrying out the integration, we obtain for the function V on the left
side of Equation (3) a quadratic function in the arbitrary constants Am.
To determine these we arrive at a system of linear equations

OV | 0A, ==0 (m=1,2...)

—
[N
=

2. In the present problem it is convenient to use a skewed (contra-
variant) coordinate system x, y (Fig. 3a) instead of rectangular coordi-
nates. As the coordinate axes we take the sides of the wedge BA and BC,
with the angle 3 between them. Then the "skewed" contravariant components
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of the stress tensor Xx, Y _ and X_ shown in Fib. 3b may be designated in
the same way as in a rectangular coordinate system but with this differ-
ence: the subscript does not denote the external normal to an area ele-
ment that is parallel to one of the coordinate axes but rather denotes
the direction of the other axis such that, for example, Xx denotes the
projection (oblique angled) onto the x-axis of the entire stress acting
on an area element with the "pseudo normal® x (i.e. onto an area clement
parallel to the y-axis).

3. It is easy to show that in the skewed [oblique} coordinate systenm
that has been adopted the equilibrium equations have the usual form

7} +-§Xlz= b

A

aYy —_ (5)

Likewise, the shear components X_ and Yx that

3 we have introduced satisfy the conjugate relation
¢ Yz = X_ (these shear components differ from the
usual shear stresses).

A The basic and correction stress tensors must

satisfy the differential equations of equilibrium.
This will be the case if each of them is obtained
from an Airy stress functiom ¢(x, y) in accordance

Fig. 4.

with the formulas

- (0 9* EPo v, (0 Qo 3.0 @y

A= G T ! drdy (6)
v P y 0 _ T PGS T
X dyt y o’ y dxdy

4. We use the following considerations to construct the basic stress
tensor. In the case of a rectangle (Fig., 4) with sides x = 0, y = 0,
x = g, y = ¢ the correction stress tensor may be obtained in a rectan-
gular coordinate system by means of the stress function

Py 77 E 2 Apn P (1) P () o

m n

Here the functions Pm(x) and Pn(y) are so-called cosine-binomials

nx (m + 2)nz P,

)
Py v cos B cos T — cos "W __cog (M2 (8
a ¢

a «

The cosine-binomials satisfy the following boundary conditions
%
P {0) =0, Py (0) =0, P {0y =0, Py -0

Pi(a)y=0, Py {ay =0, Po(c)=0, Pye) -0
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Systems of these functions are complete and closed. If we express the
components of the stress tensor in formulas of the type (6) by means of
the stress tensor (7), then we note, that as a
y\ consequence of the boundary properties of the
v cosine-binomials (9), the entire contour of the
g rectangle will be free of stresses. By this
means we obtain the correction temsor for the
a rectangle. If a right triangle is now cut out
A s of the rectangle by a diagonal (or by another
a? C straight line), its legs will be free of stresses
but there will be normal and tangential stresses
that form a self-equilibrating load on the hypo-
tenuse. The completeness of the function system
(8) and the arbitrariness of the coefficients
I 4 allow one to realize an extremely wide wide

nn
class of functions by this means.

Pig. 5.
All that has been stated can be applied to
the present problem of a scalene triangle. To do

this, we extend the triangle (Fig. 5) to the parallelogram ABCD and use
the stress function (7) in the skewed coordinate system that has been
adopted. The contour of the parallelogram remains free of stresses in
this process, while a self-equilibrated
load of sufficient arbitrariness occurs on Xy Yy
its diagonal AC. This means that the basic

Fig. 6.

tensor for the triangle is obtained as the correction tensor for the
parallelogram.
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In the application of the solution obtained, it is convenient to ex-
press the equilibrated loads on the section AC in terms of a normal
stress N and a shear stress T. We obtain the expressions for N and T in

terms of the skewed components from the equations of equilibrium of an
infinitesimal triangular element (Fig. 6)

N == sin1 5 (Xysin?y + Y, sin?a 42X sinasiny)

(10)
T:.}..[——Xxsin'rcos’r—i—szinacosa—f—X (sin ¥ cos o — cos 7y sin a)]
sin B v

In the case of rectangular coordinate system ( = n/2, y = w/2 - @
these formulas coincide with the formulas for the "stresses on an oblique
element" that are used in Strength of Materials.

We write the equation
for the section AC in the form (Fig. 5):

v/atyfc=1 {dn
For the orientation of the triangle in Fig. 5 the segments a« and ¢

are negative. On the straight line AC the variable y must be considered
as a function of «x

y=c({—ux/a)

Corresponding to this, the arguments of the function Pn(y) and its
derivatives are transformed to

Y an <1— ﬁ) = pp —
¢ a a

Summarizing the results, we have

For n even For n odd
Py (y) = Py (2), P (y) = — Py (7)
Py = — =Pl Piy)=2 P (42
IR L I o
ln (y)_EZ—P" (x), Pn (y)—_TPn (x)

2

From this summary it follows that on the straight line AC the func-
tion P"(y), as considered on the segment ¢, passes over to the function
Pn(x), as considered on the segment a. Hence the stresses N and T on the
section AC are expressible as a function of a single (skewed) coordinate
x. To find these expressions it is necessary to obtain the components
Xx, Yy and Xy from the stress function (7)
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X0 = S ApnPrn @) Po” (1), YO =D AP (2) Pr (4)
X0 = =S Ay P’ (2) Py’ (4) (13)
and to transform Pn(y) and its derivatives in accordance with (12).

omitting the corresponding calculations, we deduce the final expressions
N and T (in obtaining these we have applied the law of sines to the tri-

angle ABC).

We have
2
NS S ) i [P (2) P @) 4
;g 'n , , n ’ ’
= S0 {6 SIS ) A [P () P @) — 8 (3] (1) Al P (0) P’ @Y}

Primes in the expressions in the square brackets denote derivatives
with respect to the variable x. By the use of Expression (14), we evalu-
ate the resultant load and moment of the forces applied along the section
AC

l' a a
dx 1 ‘
N =: =
S (s) ds g N (z) e s S N (z)dz
0 0 0
l a a
(v (9 ds=§ T N 1 \xzv (z) dz 15
J sina sina sin?q |
0 0 0
! a a
ST(s)ds:\T(z) e 1 ST’(ac)dr
M sin o sin a
0 0 0

Substituting into the above from (14), we note that total derivatives
stand under the integral sign. Hence, the integrations are performed
without difficulty, and evaluation at the limits of integration and a
consideration of the boundary properties of the cosine-binomials shows
that all of the quantities (15) vanish and the force on the cross-
section AC is self-equilibrating — as was established a priori.

If the normal and tangential stresses No(z) and 7‘?x) on the section
AC are given (their distribution is expressed as a function of x, as in
(15)) they must be approximated by means of Formula (14). For example,
this can be done by the method of minimum quadratic deviation, i.e. by
requiring that the integral

23
J = S (V== N2 (T — T dr
0
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take on a minimum value. Equating to zero the derivatives with respect
to the parameters Ann, we obtain a system of linear equations for their
determination

o 0 (nz:: 0,1, :,..
A, n=0,1, 2,...)

By this means the construction of the basic stress tensor is com-
pleted.

5. The basic tensor was constructed with the aid of the stress func-
tion (7). In this process the sides B4 and BC of the triangle turned out
to be free of stress as a consequence of the boundary properties (9) of
the cosine-binomials. To construct the correction tensor we affix to
each term of the sum (7) an analogous factor that together with its de-
rivative goes to zero on the straight line AC. For this purpose we in-
troduce a new argument

w=uzxfat+y/c (16)

Because of the equation of the straight line AC (11), w = 1 on AC, so,
for example, the function

P (w) =1 —cos 2nw 17
satisfies the required conditions; in fact

2P _ p(w) = 2 sin 2mw = U (18)

P (w) =0, o

We form the correction tensor with the aid of the stress function

P =P (@) Q1Y CmnPrm (2) Pn () (19)

We write out the components of the stress tensor; for brevity we re-
tain only a single summation sign; and in addition we omit the arguments
of the functions Pu = Pu(‘)' Pn = Pn(y) and P = P(uw).

We denote the derivatives of these functions by primes, so that we
have

L o, , \
X 0 — 0_‘% — 01 P"SCpan PPy - 2 % P'SC PPy -+ PEConPumPr
¥

R 3%, "
¥, W =8 L s Pt 2 LPSC PP PP P

Py, . .
% 4 pryc PP, — P (i 2 mn Py +
ordy uc a

1
[

- PECman,P'n/ (20)

X'J(k) — ZCm‘nl)mlpn) -
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These formulas give the correction tensor for the triangle, as can be
verified immediately. The skewed components (20) vanish on the sides BA
and BC. This follows from the boundary properties of the cosine-binomials
(9). On the side AC we form the components (10). We note that Formula
(20) simplifies considerably on the straight line AC. Here P =0, P’ =0
according to (17) and (18). Retaining only the first terms of Formulas
(20) and substituting in Formulas (10), we obtain

1 [sin?y |, sin?a  2sinasiny
N = 2 + = P"?Cnmpmpn
sin ¢ a* ac A

T 1 _sinTsosT+sina<?osa __sinycosa—cosysina P”Ecmnpmpn 1)
sin 3 2 a? ac

Here the expressions in the square brackets vanish as a consequence
of the law of sines and hence the stresses N and T are absent on the
side AC for arbitrary values of the parameters Cmn, as was to be proved.

6. The complete stress tensor of the given problem is obtained in
accordance with (1) as the sum of the correction tensor (20) and the
basic tensor. The latter is formed from the stress function (7)

X, = 3N AP (@) Po” (), Y0 =4, P (z) P )
XU(O) = _2 EATYIan’ (I) Pn, (y) (22)

The coefficients Amn are determined from the conditions for the
approximation of the loads on the side AC, as was indicated in Section 4.

In order to formulate the Castigliano variational equation, (3), it
remains to construct the expression for the elastic energy K. If we
refer the triangle being studied to a rectangular coordinate system, one
of whose axes is parallel to the side AC, then the components N and T
introduced above will enter in as components of the stress tensor (Fig.
6a). In addition to these, it is necessary to add the component Nl (Fig.
6b). The latter is expressible in terms of the skew components Xx, Yy,
Xy from the conditions of equilibrium of the element KLM, in analogy to
(10)

—_— 1 2 1 2 — 4 .
N, = Snp (X, cos2y + Y, costa—2X cosacosy) (23)

Adding this relation to (10), we obtain a complete system of formulas
for the transformation of the stress tensor. The expression for the
elastic energy is

1

W:.—
2

(Ney + Mgy, 4- T = o [(V 4+ NP —2(1 - v) NNy 2( %) T (24)
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Applying Formulas (23) and (10), we have, therefore,

1 . .
W= g (Xa b V) =20 9 sinf 0¥, +hcos B X, (Xx+Y,) +
F2[ v —v)cos Bl X3 (25)

In obtaining these results, we took into account that
afy=n—08, sin (& -+ ) = sin B3, cos{a + 7)== -—cos 3, X, =Y,
The complete elastic energy of the triangle ABC is

Vo= 3 W ds (dS = dz dy sin B) (26)
()

Inserting this expression into (26), we obtain

V= e \S (X +Y R — KXY L LX (X, -Y )+ MX 2y dedy  @20)
(>)
K=2(1-4v)sin?B, L-=4cosB, M=2[1-Lv(l—v)eos?d] (28

It is necessary to insert the components of the complete stress tensor
into the integrand, using the Formulas (22) and (20)

Xp=X"4+x%, v =y @iy ® g =x Oy ® (26,

After the integration is carried out, the energy is obtained as a
quadratic function of the unknown parameters Cmn. By the usual means, we
obtain for them the system

OV [ 9, == 0 G0y
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